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ABSTRACT: This paper proposes a method to modify the strut effectiveness factor in the strut-and-tie model for 
CFRP-strengthened reinforced concrete deep beams. Two groups of deep beams comprising six ordinary rein-
forced concrete deep beams and six CFRP-strengthened reinforced concrete deep beams were experimentally 
tested under the four-point bending configuration. The shear span-to-effective depth ratio of the beams in each 
group was 0.75, 1.00, 1.25, 1.50, 1.75, and 2.00. The theoretical principal tensile strain in CFRP-strengthened 
struts was modified based on a proposed empirical relationship, based on two ratios: the experimental to the 
theoretical value of principal tensile strain and the shear span-to-effective depth of deep beams.
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RESUMEN: Modificación del factor de eficacia de las bielas en vigas de canto de hormigón reforzadas con lami-
nados de polímero reforzado con fibras de carbono. En este trabajo se propone un método en el que se modifica 
el factor de eficacia que se aplica a las bielas en el modelo de bielas y tirantes para vigas de canto de hormigón 
reforzadas con laminados CFRP (polímero reforzado con fibras de carbono). Mediante el ensayo a cuatro 
puntos se determina la resistencia a flexotracción de doce vigas de canto divididas en dos grupos de seis, las del 
primer grupo de hormigón armado normal y las del segundo de hormigón reforzado con laminados de CFRP. 
En ambos grupos cada una de las seis vigas se caracteriza por una relación luz de cortante-canto útil distinta, 
con valores utilizados de: 0.75, 1.00, 1.25, 1.50, 1.75, y 2.00. El valor teórico de la deformación principal por 
tracción de la biela reforzada con CFRP se modifica de acuerdo con la relación empírica propuesta en este tra-
bajo. Esta se establece a partir de otras dos: la relación entre los valores experimental y teórico de la deformación 
por tracción principal y la relación luz de cortante-canto útil de las vigas de canto.
PALABRAS CLAVE: Viga de canto; Resistencia efectiva de la biela; CFRP; Cortante; Modelo de bielas y tirantes
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1. INTRODUCTION
According to ACI 318-11, a deep beam has a 
clear span less than or equal to four times the over-
all depth. Regions with concentrated loads span-
ning twice the member depth from the support are 
also considered deep beams (1). Deep beams are 
commonly utilized in tall buildings, offshore struc-
tures, and foundations (2). Deep beams typically 
function as a transfer girder in a single-span or con-
tinuous beam (3). 
The strengthening of concrete structures with 
carbon fiber-reinforced polymer (CFRP) has 
become a topic of interest among researchers in the 
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last decade because CRFP is lightweight and corro-
sion resistant. CFRPs are easy to install and have 
high tensile strength, making these materials a use-
ful tool for strengthening concrete structures. 
Numerous studies explored the effects of CFRP 
in three forms (sheet, plate, and bar) on the behavior 
of RC beams (4–8). Besides, many studies have been 
conducted to investigate the behavior and capac-
ity of reinforced concrete (RC) beams strengthened 
with CFRP in terms of flexure (9, 10) and shear 
(11–19). Scant research has been conducted on the 
shear strength of RC deep beams (20–22) and no 
attempt has been made to improve the STM to ana-
lyze CFRP-strengthened RC deep beams. 
Several equations and models to predict con-
crete-CFRP bond strength (23–28) are in place. The 
Lorenzis and Miller equation (29), based on a shear 
lag approach and a simple shear model was used 
here (Equation [1]).
 τ = t E0.0184 .  [1]
According to various codes and standards, the 
strut-and-tie model (STM) is a rational approach to 
analyze deep beams (30, 1, 31–36). The strut in STM 
has three common shapes, namely, prismatic, bottle 
shaped, and fan shaped. The crushing strength of 
concrete strut in STM is evaluated based on the strut 
effectiveness factor (u). Available codes and stan-
dards are classified into two groups depending on the 
method utilized to calculate the strut effectiveness 
factor. The first group comprises AASHTO LRFD, 
CSA-S6-06, CSA A23.3, and AS 3600, which define 
the strut effectiveness factor as a function of the 
principal tensile strain on the strut (30, 31, 33, 34). 
Originally, the strut effectiveness factor proposed by 
Vecchio and Collins utilized modified compressive-
field (MCF) theory (37). The second group com-
prises ACI 318-11, DIN 1045-1, NZS 3101, and 
model code 2010, which recommend a value for the 
strut effectiveness factor (1, 32, 35, 36).
Equations [2] and [3] are provided by AASHTO 
for the calculation of the strut effectiveness factor. 
The equations are based essentially on research con-
ducted on MCF theory (37). This study proposed 
the stress-strain relationship for cracked concrete 
during compression as follows:
 ( 0.002) ( )s s1 2cosε ε ε θ= + +  
 (AASHTO LRFD eq. 5.6.3.3.3-2) [2]
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The strut effectiveness factor can be calculated as 
follows from Equation [3].
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According to AASHTO LRFD, εs is calculated 
as below.
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The average principal tensile stress for cracked 
concrete in concrete struts in tension proposed in 
the above research is presented in Equation [5]. 
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The use of CFRP sheets to strengthen concrete 
structural elements continues to increase worldwide. 
Despite the wide application of STM in structural 
member design (38, 39), the current STM is inca-
pable of predicting the shear strength of CFRP-
strengthened deep beams. Hence, the ultimate 
strength of CFRP-strengthened deep beams is 
evaluated in the present study to develop a ratio-
nal model. While numerous studies have been run 
on STM from various angles (40–47), no research 
has been conducted on STM where the D-region is 
strengthened with CFRP, particularly in deep beams. 
Thus, the main purpose of the present study is to 
Figure 1. Cross-section of beam.
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develop the STM for predicting the shear strength 
of RC deep beams strengthened with CFRP. This 
study proposes a modified strut effectiveness fac-
tor for STM based on an empirical relationship in 
CFRP-strengthened deep beams. No study has yet 
been performed to calibrate the value of the princi-
pal strain on struts in D-regions to obtain the strut 
effectiveness factor in STM. The present proposal 
is to modify the value of principal tensile strain 
in CFRP-strengthened strut based on an empiri-
cal relationship. This study is confined to ordinary 
reinforced concrete deep beams strengthened with 
one layer of CFRP sheet applied using wet-lay 
techniques.
2. METHODOLOGY
The reinforced concrete deep beams consisted of 
two groups: ordinary and CFRP-strengthened deep 
beams. Each group comprised six deep beams with 
shear span to effective depth ratios of 0.75, 1.00, 
1.25, 1.50, 1.75, and 2.00. CFRP sheets are usu-
ally installed on two or three sides, or fully wrapped 
around the beam. Anchorage is achieved with the 
three-side and full-wrap systems. Two-sided installa-
tion is more common in strengthening, retrofitting, 
and even repair because of its ease of installation 
and cost-effectiveness compared to the other two 
installation systems. This study was therefore con-
fined to two-sided CFRP installation, for it aims 
to investigate the effect of installing a CFRP sheet 
without anchorage on the tensile strength of an 
inclined RC strut. The effect of CFRP anchorage 
in three-sided and fully-wrapped CFRP installation 
systems should be explored in future research.
2.1. Details of deep beams
The 140 mm × 350 mm deep beams were essen-
tially identical; they measured 1840 mm.
long and had a rectangular cross section, as illus-
trated in Figure 1. The flexural reinforcement con-
sisted of nine 16-mm diameter deformed steel bars 
placed in three layers. The steel bars were welded to 
10-mm thick steel plates at both ends of the beams 
to provide adequate anchorage. The 120-mm high 
anchorage steel plates fully covered the width of the 
beams. The longitudinal bars should be anchored 
as in standard practice using development length 
or embedded length. However, the end steel plates 
were utilized in the experiment to provide addi-
tional anchorage because of laboratory size limita-
tions. Steel mesh reinforcement with a mesh size of 
100 mm was provided as transverse reinforcement. 
The mesh satisfied the required minimum amount 
of web reinforcement and the recommended maxi-
mum spacing of orthogonal grid reinforcement 
(300  mm) specified by ACI 318-11 and AASHTO 
LRFD (30,1). To prevent premature local failure, 
additional steel reinforcements were provided under 
the load plates and on top of the support plates as 
illustrated in Figure 2. The orthogonal grid rein-
forcement, used along the length of the beams, is 
shown only on one side of the beam in Figure 2.
Table 1.  Typical properties of CFRP sheets and epoxy
Materials
Tensile strength 
(MPa)
Tensile modulus of 
elasticity (GPa) Elongation at failure Bond strength (MPa) Thickness (mm/ply)
CFRP sheet 3900 230 1.5% (7days at + 23 °C) – 0.111
Epoxy resin 30 4.5 0.9% (7days at + 23 °C) >4 –
Figure 2. Typical reinforcement.
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2.2. Materials and methods
The beams were cast with a single supply of ready-
mixed concrete. One layer of uni-directionally woven 
carbon-fiber fabric with a thickness of 0.111 mm/ply 
was wet-laid on the deep beams with a two-part 
epoxy resin. The direction of the fiber in the installed 
CFRP sheet was vertical. Table 1 lists the typical 
properties of the CFRP sheet and epoxy resin pro-
vided by the manufacturer. Both the CFRP sheet 
and epoxy resin were supplied by Sika Company 
with Sikadur-330 and Sikawrap-230 product data 
sheets. Strengthening with the CFRP sheet was per-
formed only on the surface of the beams between 
the load and support plate to cover the shear span 
of the deep beams. The CFRP-strengthening was 
cured for at least two days at ambient temperature 
following the manufacturer’s recommendation. The 
support and load plates, which are 70 mm wide and 
10 mm thick, fully covered the bottom and top of 
the beam. The deep beams were tested 28 d after 
casting. 
A universal tensile strength testing machine was 
used to measure the tensile strength of steel bars. 
Three samples were chosen from each size of steel bars 
and the average taken as the final tensile strength. The 
test was carried out according to standard ASTM-E8 
with a strain rate of 0.005 in/in/min to measure the 
ultimate tensile strength of the bars. The tensile 
strength of the reinforcing steel bars determined as 
described (T16) was 440 MPa, while the compressive 
and splitting tensile strengths of concrete were 37.02 
and 3.31 MPa, respectively.
2.3. Test procedures and instruments
The beams were tested to failure with a four-point 
bending configuration. The load was increased to 
failure with a 5000-kN hydraulic actuator. The load 
increment was 25 kN during the loading process. 
The positions of the DEMEC discs were carefully 
drawn on the surface of the D-regions of the beams. 
The DEMEC discs were then properly positioned 
on the beam surface using a DEMEC invar bar at 
200-mm intervals. DEMEC disc spacing was accu-
rately measured in each step of loading since the 
DEMEC resolution was 0.001 mm. As the ultimate 
shear strength of CFRP-strengthened RC deep 
beams was not predictable, the DEMEC measure-
ment process for all beams was continued following 
the load increment steps of 25 kN till the beams 
failed. Figure 3 shows the experimental test set-up 
with the DEMEC discs positioned along and per-
pendicular to the strut centerline. The strain per-
pendicular to the strut centerline at mid-height of 
the beam section was the focus of calculation in this 
study.
3. EXPERIMENTAL RESULTS AND 
DISCUSSION
The results were carefully measured using cali-
brated tools since there only one test was available 
for each a/d ratio in this study. This section pres-
ents the relationship between the shear strength of 
CFRP deep beams and the shear span-to-effective 
depth ratio with a view to modifying the STM for 
Figure 3. Experimental test set up.
Table 2. Empirical values for the ultimate shear strength 
of deep beams and respective mid-span deflection
a/d
Pu-ordinary 
(kN)
Pu-FRP 
(kN)
Δ ordinary 
(mm)
Δ CFRP 
strengthening (mm)
0.75 756.95 905.31 3.29 3.99
1.00 709.01 857.89 3.40 4.13
1.25 604.08 740.02 3.54 4.53
1.50 555.91 691.04 3.59 4.66
1.75 403.02 510.01 3.64 5.00
2.00 360.02 468.05 3.74 5.17
Table 3. Ultimate shear strength of deep beams
a/d Pu-ordinary-test (kN) Pu-FRP-test (kN) IR (%)
0.75 756.95 905.31 19.60
1.00 709.01 857.89 21.00
1.25 604.08 740.02 22.51
1.50 555.91 691.04 24.31
1.75 403.02 510.01 26.55
2.00 360.02 468.05 30.02
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CFRP-strengthened deep beams. Then, an empiri-
cal relationship was established to modify the value 
of the strut effectiveness factor of the CFRP-
strengthened deep beams. 
3.1. Failure of deep beams
According to the experimental observation,  the 
tendency of having brittle failure perceptibly in creases 
among the ordinary RC deep beams as the shear span 
to the effective depth ratio decreases. Nonetheless, 
the foregoing tendency was observed to be weaker 
in CFRP-strengthened RC deep beams than in ordi-
nary RC deep beams. The ultimate shear strength of 
ordinary RC deep beams and CFRP-strengthened 
deep beams and their  respective mid-span deflec-
tion values are shown in Table 2. According to Table 
2, the mid-span deflection of ordinary and CFRP-
strengthened RC deep beams corresponding to the 
ultimate load slightly increased with the shear span-
to-effective depth ratio.
However, the ductility and energy absorption of 
ordinary and CFRP-strengthened RC deep beams 
should be explored in further research. The partial 
rupturing of the CFRP sheet was the dominant fail-
ure mode in the two-sided CFRP-strengthened deep 
beams in this experiment. In other words, only part 
of the beam section failed without CFRP sheet rup-
ture, while the failure of the remaining beam section 
occurred simultaneously and involved rupture of 
the CFRP sheet.
3.2. Ultimate shear strength of deep beams 
strengthened with CFRP
Among the studies conducted on deep beams 
hitherto, no attention has been paid to CFRP 
strengthening of deep beams with various shear 
span-to-effective depth ratios. Table 3 shows the 
ultimate shear strength of ordinary and CFRP-
strengthened deep beams based on the experimen-
tal results of this study. The last column in Table 3 
shows the increase in ultimate shear strength of 
deep beams bearing CFRP sheets. Two crucial 
trends were observed from the experimental results. 
First, as the shear span-to-effective depth ratio (a/d) 
increased, the ultimate shear strength of the ordi-
nary and CFRP-strengthened deep beams decreases. 
This trend is consistent with the findings of previ-
ous studies (2,47). Second, the shear strength of the 
CFRP-strengthened deep beams increases faster 
than that of ordinary deep beams with the increase 
in a/d.
While part of the IR shown in Figure 4 and 
Table 3 may stem from the increasing efficiency of 
FRP with increasing a/d, the reduced strength of the 
RC beams with increasing a/d was another reason 
for the rise in IR. As shown in Table 3, the strength 
of non-strengthened RC beams declined signifi-
cantly with increasing a/d, prompting an increase in 
IR values after strengthening. Therefore, part of the 
increase in IR was due to the increased efficiency 
provided by the FRP sheets.
In this study, the relationship between two sig-
nificant ratios (IR and a/d) was considered in eval-
uating the behavior of  CFRP-strengthened deep 
beams. Figure 4 illustrates the empirical relation-
ship between the two ratios. This relationship 
served as the basis for STM modification to pre-
dict the shear strength of  CFRP-strengthened deep 
beams. This issue is discussed in a separate section 
in this paper.
3.3. Modified strut effectiveness factor for CFRP-
strengthened deep beams
STM was developed with an empirical equation 
to predict the ultimate shear strength of  CFRP-
strengthened deep beams in terms of the main CFRP 
properties such as thickness and modulus of  elas-
ticity. In this research, the strut effectiveness factor 
chosen for modification to accommodate CFRP-
strengthened struts was the factor recommended 
by AASHTO LRFD over the ACI 318-11 proposal. 
This selection was considered because the strut 
Table 4. Calculation of the modification ratio based on 
ε1−FRP and ε1−FRP−test
a/d ε1−FRP × 10−4 ε1−FRP−test × 10−4 R
0.75 4.85 25.87 5.33
1.00 6.50 35.25 5.41
1.25 8.27 64.29 7.77
1.50 10.07 84.33 8.37
1.75 11.86 142.97 12.05
2.00 13.60 169.82 12.48
Figure 4. Empirical relationship for predicting the shear 
strength of CFRP-strengthened deep beams.
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effectiveness factor recommended by AASHTO 
LRFD is calculated from the value of  the principal 
tensile strain on the strut, which is measurable for 
the CFRP-strengthened struts used in the experi-
ment. The principal tensile strain on struts was also 
measured to provide experimental support for veri-
fication, aside from the development of  the strut 
effectiveness equation recommended by AASHTO 
LRFD for CFRP-strengthened deep beams.
The behavior of the CFRP-strengthened D-region 
was evaluated based on the principal tensile strain for 
bottle-shaped struts in STM. Based on Equation [5], 
the ε1 for ordinary concrete struts was calculated 
from Equation [6] below.
 
f
f0.005( 1)
cr
c
1
1
2ε = −  [6]
Equation [6] was derived from Equation [5] and 
developed for CFRP-strengthened concrete struts 
based on the contribution of the CFRP sheet. The 
compressive strength of concrete struts declined due 
to of concrete softening in response to the strut effec-
tiveness factor in STM. The diagonal cracks along 
the strut centerline widened with the increase in the 
applied load. CFRP sheets prevented the diagonal 
cracks from widening compared to those diago-
nal cracks without CFRP-strengthening. This was 
because of the bond stress transferred to the con-
crete - CFRP interface.
Therefore, the principal tensile strain in CFRP-
strengthened concrete struts in which the contribution 
of CFRP bonding stress is taken into consideration 
is proposed in Equation [7].
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The contribution of CFRP bonding stress in 
Equation [7] varied for different shear span-to 
-effective depth ratios because of the non-linear 
behaviour of the D-region. This is the reason 
why reduction coefficients α and β were used in 
Equation [7]. In order to calibrate Equation [7] with 
the experimental results, the values of reduction coef-
ficients α and β were assumed to be equal to 1.00. 
Consequently, an empirical relationship was estab-
lished in which reduction coefficients were used to 
attain the value of ε1−FRP as shown in Figure 5. This 
relationship was established as the ratio of ε1−FRP to 
ε1−FRP−test as indicated in Table 4. The principal ten-
sile strain on both ordinary and CFRP-strengthened 
struts was measured with the DEMEC discs at the 
mid-height of the strut perpendicular to its centerline. 
ε1−ordinary–AASHTO and utilized as the basis of the calcu-
lation to attain ε1−FRP. Based on the following empiri-
cal equation, ε1−FRPrecommended was obtained with the 
shear span-to-effective depth ratio and the R value.
 R
a
d
6.4335( ) 0.2765−=  [8]
Therefore,
 ε1−FRPrecommended = R × ε1−FRP. [9]
Using the a/d ratio, the modification ratio (R) was 
calculated from Equation [8]. The value of ε1−FRP was 
calculated from Equation [7] since α and β were equal 
to 1.00. Subsequently, ε1−FRPrecommended was calculated 
from Equation [9]. The strut effectiveness factor for 
Table 5. Ultimate shear strength of CFRP-strengthened deep beams,recommended method and empirical findings
a/d ε1−FRPrecommended × 10−4 Pu−FRPrecommended (kN) Pu−FRP−test (kN) Pu−FRPrecommended / Pu−FRP−test
0.75 22.09 944.72 905.31 1.04
1.00 40.08 801.66 857.89 0.93
1.25 64.28 732.18 740.02 0.99
1.50 94.47 634.65 691.04 0.92
1.75 130.28 540.66 510.01 1.06
2.00 171.26 459.95 468.05 0.98
Figure 5. Principal tensile strain in CFRP-strengthened 
concrete struts, empirical relationship.
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CFRP-strengthened RC deep beams was obtained 
from the value of ε1−FRPrecommended.
Table 5 provides a summary of the calculations and 
the recommended method and experimental ultimate 
shear strengths of CFRP-strengthened deep beams. 
Empirical Equation [9] gives the value of the principal 
tensile strain on CFRP-strengthened concrete struts.
4. CONCLUSIONS
This study investigated the application of the 
strut-and-tie model for CFRP-strengthened deep 
beams. It sought to establish an empirical relation-
ship to modify the calculated value of the principal 
tensile strain on CFRP-strengthened struts. The fol-
lowing conclusions may be drawn.
1. An empirical relationship was established to 
modify the value of the strut effectiveness fac-
tor for CFRP-strengthened struts and to predict 
the value of principal tensile strain in struts for 
CFRP-strengthened deep beams.
2. The modified STM, which utilized the proposed 
empirical relationship, can be employed to pre-
dict the shear strength of CFRP-strengthened 
deep beams.
3. The experimental results showed that CFRP-
strengthening increases the ultimate shear 
strength of deep beams from 19.60 to 30.02 with 
shear span-to-effective depth ratios of 0.75 to 
2.00, respectively.
4. The partial rupturing of the CFRP sheet is the 
dominant failure mode in two-sided CFRP-
strengthened deep beams.
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SYMBOLS
a: shear span of deep beams (mm)
d: effective depth of deep beam (mm) 
Pu-ordinary-test: ultimate shear strength of ordinary 
deep beam (empirical) (kN)
Pu-FRP-test: ultimate shear strength of CFRP-
strengthened deep beam (empirical) (kN)
Pu-FRP-recommended: ultimate shear strength of CFRP-
strengthened deep beam (proposed method) (kN)
IR: increase ratio, ultimate shear strength of CFRP-
strengthened deep beam to ultimate shear strength 
of ordinary deep beam 
R: modification ratio, ratio of ε1−FRP−test to ε1−FRP
fc1: principal tensile stress in concrete strut (MPa)
fcr: tensile stress of concrete (splitting test) (MPa)
t: thickness of CFRP sheet (mm)
E: Young’s modulus for CFRP sheet (MPa)
Es: Young’s modulus for steel bars (MPa)
ε1: principal tensile strain in concrete strut for ordi-
nary deep beams (mm/mm)
εs: tensile strain in an adjoining tie (mm/mm)
θ : angle between adjoining tie and strut (rad)
fc′: specified concrete compressive strength (MPa)
fcu: effective compressive strength of concrete strut 
(AASHTO LRFD) (MPa)
u: strut effectiveness factor
τ: average bond strength of concrete-CFRP (MPa)
ε1−FRP: principal tensile strain in CFRP-strengthened 
concrete strut (recommended equation before revi-
sion with empirical relationship) (mm/mm)
α, β: reduction factors
ε1−ordinary–AASHTO: principal tensile strain of  ordi-
nary concrete strut ( AASHTO LRFD equation) 
(mm/mm)
ε1−FRP−test: principal tensile strain in CFRP-
strengthened concrete strut (empirical) (mm/mm)
ε1−FRP−recommended: principal tensile strain of CFRP-
strengthened concrete strut (recommended equa-
tion after revision based on empirical relationship) 
(mm/mm)
Δ ordinary: mid-span deflection of ordinary RC deep 
beams (mm)
Δ CFRP strengthening: mid-span deflection of CFRP-
strengthened RC deep beams (mm)
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